ABSTRACT The impedance-ratio criterion is widely adopted for analyzing the small-signal stability of systems with cascaded power electronic converters. However, the impedance ratio is formed differently for different cascaded systems. In this paper, a generic impedance-sum criterion is proposed for the stability of general power electronic systems with two converters/sources. The two converters/sources can be in parallel operation, such as parallel-operated voltage-controlled inverter systems in microgrids and parallel-operated current-controlled inverter systems, or in series (cascaded) operation, such as cascaded DC/DC converter systems and grid-connected current-controlled converters. In this paper, it is shown at first that in order for a converter/source to be stable both the impedance and its inverse should be stable, that is, the impedance should not have any right-half-plane (RHP) zeros or RHP poles. Then, it is shown that a system with two individually stable converters/sources is stable if and only if the sum of the individual impedances does not have any RHP zeros or, equivalently, the impedance sum does not encircle the origin clockwise. This generic criterion is then demonstrated via applications covering all four possible cases.
I. INTRODUCTION
Power electronic systems are nowadays widely used in space stations, shipboards, and hybrid vehicles etc., thanks to their flexible configurations, high efficiency, and high density [1] - [3] . Many power electronic converters are also being used in modern power systems, accelerating the paradigm change of power systems into power electronicsenabled synchronized and democratized (SYNDEM) smart grid [4] , [5] . Because of the interaction between subsystems, these systems with multiple power electronic converters may become unstable even if individual converters are stable alone. This has become a serious concern [6] - [9] .
The stability of power electronic systems has been widely studied in the literature, e.g. covering constant power loads [10] - [16] , constant power generators [17] , [18] , phase-locked loops [19] - [21] , droop-controlled converters [22] - [24] , and harmonics [25] - [28] . However, no generic stability criteria are available yet.
For cascaded power electronic systems, the impedancebased analysis of stability and transient performance is very effective. This can be traced back to the input-filter design rules for regulated converters proposed by Middlebrook in 1976 [29] . A cascaded system with a voltage-controlled source is stable if 1) the ratio of the source output impedance Z oS to the load input impedance Z iL satisfies the Nyquist stability criterion and 2) the source and load converters are stable individually, which means Z oS (or 1 Z oS ) and 1 
Z iL
(or Z iL ) should be stable too. Subsequently, various impedance criteria aiming at more accurate and practical assessment of stability have been developed during the past four decades [30] - [33] . In [34] , it is pointed out that, for cascaded systems with a current-controlled source, its stability is determined by the impedance ratio of Z iL to Z oS if the source output admittance 1 
Z oS
is stable [34] . Moreover, the above impedance-based stability criteria have also been extended to three-phase AC cascaded systems [15] , [35] - [37] .
While these criteria are useful, it is very confusing to have different stability criteria for different systems. Moreover, when two converters are connected together, cascaded (series) connection is just one type. They can be connected in parallel too. For example, there are often several high-speed trains at a station, which effectively means many PWM-controlled rectifiers are operated in parallel. Instability incidents, e.g. low-frequency oscillations, of electric railway vehicles have happened worldwide [38] , mainly due to the parallel operation of rectifiers. Inverters can be operated in parallel too, which is very common nowadays in renewable integration [1] , [5] , [39] . Therefore, developing a generic stability criteria is very important.
Following the preliminary results reported in [40] , the stability of general power electronic systems consisting of two converters/sources is considered. The two converters/sources can be connected in series or in parallel. After modeling converters/sources with the well-known Thevenin theorem and the Norton theorem, the stability of an individual converter/source is investigated and a generic impedance-sum stability criterion is proposed for systems with two individually stable converters/sources. Such a system is stable if and only if the sum of the individual impedances does not encircle the origin clockwise or, equivalently, the impedance sum does not have any right-half-plane (RHP) zeros. This criterion is applicable to both DC and AC systems. It does not depend on the connection type either, avoiding the dilemma of choosing the inverter or the grid as the source when investigating the stability of grid-connected inverters [34] .
A sum type criterion was reported in [41] but it was proposed for Z+Z cascaded systems only, and with a particular application to hybrid energy storage systems. Different from [41] , this paper proposes a generic stability criterion that is applicable to any power electronic system consisting of two converters/sources. The two converters/sources can be connected in series (cascaded) or in parallel, as illustrated in the paper as V-V systems, V-I systems, I-V systems and I-I systems. The stability of all the cases is rigorously proven and numerically illustrated. Moreover, in [41] , only Z+Z cascaded DC systems, which correspond to V-V DC systems in this paper, were studied. The proposed generic stability criterion can be applied to both DC systems and AC systems, for example, grid-tied inverters, cascaded DC/DC systems, and inverters operated in parallel. Hence, the contribution of the paper with comparison to [41] is clear and significant. Furthermore, [41] states that the sum type criterion does not need the information about the RHP zeros of the impedance of individual converters. However, it is shown in this paper that it does affect the stability of the voltage or current source and, hence, the stability of the whole system, although this information does not explicitly appear in the impedance sum. In other words, it requires each individual converters/sources to be stable, which is practically true and hence reasonable.
The rest of this paper is organized as follows. In Section II, power electronic systems with two converters/sources are modeled after modeling and clarifying the stability of a single converter/source. Then, the generic stability criterion for power electronic systems with two individually stable converters/sources is proposed and proved theoretically in Section III. After that, the proposed stability criterion is applied to four typical systems and verified by results from OPAL RT OP4500 in Section IV. Finally, discussions and conclusions are made in Section V.
II. MODELING OF POWER ELECTRONIC SYSTEMS WITH TWO CONVERTERS/SOURCES A. MODELING AND STABILITY OF A SINGLE CONVERTER/SOURCE
It is well known that the switching effect in power electronic converters can be ignored and linearized according to the averaging theory [42] - [44] . By doing this, as shown in Fig. 1 , any power converter or source can be represented as a voltage source v in series with an impedance Z according to the Thevenin theorem, or as a current source i in parallel with the same impedance Z according to the Norton theorem. Some examples will be given in Section IV. The Norton and Thevenin models are equivalent and satisfy v = i · Z . In practice, it is required that v and i are bounded in order to guarantee the stability of the converter/source.
For the Thevenin model shown in Fig. 1(b) , the bus voltage and current are to be stable in order for i bus to be bounded for a bounded v. This is called short-circuit stable and it is well documented in classic circuit theory; see e.g., [45] . For the Norton model shown in Fig. 1(c) , the bus voltage and current are
In order for i bus to be bounded for a bounded i and a bounded v bus ,
1
Z is required to be stable according to the above equation on the right. Moreover, in order for the port voltage v bus to be bounded when i bus = 0, i.e. when it is open-circuited, Z is required to be stable according to the above equation on the left. This is called open-circuit stable and it is well documented in classic circuit theory; see e.g., [45] again. Hence, in order for a converter/source having a bounded current source i to be stable, both the impedance Z and its inverse are required to be stable. In other words, in order to guarantee the stability of the equivalent Thevenin and Norton models or the stability of a converter/source represented as a black-box, it implicitly requires that the voltage source v and the current source i are bounded and that both the impedance Z and its inverse 1 Z are stable. The fact that the impedance Z needs to be stable is well known but the fact that its inverse 1 Z needs to be stable at the same time is often neglected. Hence, this fact itself offers insights for the design of individual converters/sources: both the impedance Z and its inverse to be stable guarantees that the voltage remains bounded even if the grid is open-circuited for a grid-tied current-controlled converter. These are critical properties for converters, which are unfortunately neglected in many literature. In this paper, it is assumed that individual converters/sources are stable.
Normally, the Thevenin equivalent model is preferred when the impedance is small and the Norton equivalent model is preferred when the impedance is large. However, it does not really matter whether to use the Thevenin model or the Norton model because they are equivalent (under the conditions discussed above). It is worth highlighting that the modeling shown in Fig. 1 is applicable to both AC and DC systems. Hence, the stability criterion to be developed is applicable to both AC and DC systems.
B. ALL POSSIBLE CASES OF POWER ELECTRONIC SYSTEMS WITH TWO CONVERTERS/SOURCES
Since a power converter/source can be modeled as a non-ideal voltage or current source, when two power converter/sources are connected together, as shown in Table 1 , there are four possible cases: a) to form a V-V system, i.e., a (non-ideal, omitted hereafter) voltage source connected with a voltage source, such as the parallel operation of voltage-controlled inverters; 2) to form an I-I system, i.e., a current source connected with a current source, such as the parallel operation of current-controlled converters; 3) to form an I-V system, i.e., a current source connected with a voltage source, such as a traditional current-controlled inverter connected to a weak grid; and 4) to form a V-I system, i.e., a voltage source connected with a current source, such as traditional cascaded DC/DC converters. Here, Z 1 (s) and Z 2 (s) are the impedances of the two converters/sources, respectively. These systems will be discussed in details in Section IV with illustrative examples. In the sequel, Z 1 (s) and Z 2 (s) are expressed as
to facilitate the presentation. They do not have to be rational. Note again that the impedances Z 1 and Z 2 may be large or small, depending on how the converter is controlled and how the converter is built [1] .
III. GENERIC STABILITY CRITERION FOR POWER ELECTRONIC SYSTEMS WITH TWO CONVERTERS/SOURCES

Theorem 1: Regardless of the connection type, a power electronic system with two individually stable converters/sources is stable if and only if the sum of their impedances does not encircle the origin clockwise.
Proof: Since there are four different cases, as shown in Table 1 , the proof is carried out below for V-V systems, I-I systems, I-V systems and V-I systems one by one.
(a) V-V Systems. As shown in the upper left corner of Table 1 , its i bus (s) and v bus (s) can be expressed as
Substituting (1) and (2) into (3) and (4), i bus (s) and v bus (s) can be re-written as
The denominators By (1) and (2), Z 1 + Z 2 can be expressed as 
Substituting (1) and (2) into (8) and (9), i bus (s) and v bus (s) can be rewritten as
Similar to V-V systems, the denominators of i bus (s) and v bus (s) in I-I systems are the same, i.e., 
Substituting (1) and (2) into (12) and (13), i bus (s) and v bus (s) can be rewritten as 
Substituting (1) and (2) into (12) and (13), i bus (s) and v bus (s) can be rewritten as
Similar to the previous three cases, the denominators of i bus (s) and v bus (s) in the V-I system are the same, i.e., As a result, the system stability can be assessed by directly checking the number of RHP zeros of Z 1 + Z 2 , without drawing the Nyquist plot. Moreover, the proposed impedance-sum criterion does not need to know the connection type of the power converters/sources. For existing impedance-ratio criteria, it is necessary to know the connection type in order to select the correct impedance ratio: for an I-V system, the correct impedance ratio is
and for a V-I system, the correct impedance ratio is
. However, for the proposed impedance-sum criterion, the impedance sum is always Z 1 +Z 2 , regardless of the connection type. Furthermore, it can be applied to DC systems and AC systems as well, which makes it very generic. Fig. 2 illustrates a system with two parallel-operated voltagecontrolled inverters. This is a typical V-V system. In order to simplify the presentation, the two inverters are assumed to operate without a load. Before analyzing the stability of the V-V system, the impedance models of the individual inverters are firstly derived. For Inverter 1 shown in Fig. 2 , the simplified block diagram is depicted in Fig. 3 
IV. APPLICATIONS A. PARALLEL OPERATION OF VOLTAGE-CONTROLLED INVERTERS (V-V SYSTEMS)
with
Here, PI 1 (s) = K p1 + K i1 /s is the voltage controller and H s1 is the sampling coefficient of the output voltage. From the control point of view, the PWM conversion and the switching process can be ignored because the switching frequency is much higher than the line frequency. As a result, the inverter can be modeled by its gain K M 1 (s) = V dc1 /V tri1 [47] , where V tri1 is the modulation carrier. According to (22) , the model of Inverter 1 can be depicted as shown in Fig. 2 , which is composed of a voltage source v 1 (s) and a series-connected output impedance Z 1 (s).
Similarly, the model of Inverter 2 can also be derived and depicted as shown in Fig. 2 , which is composed of a voltage source v 2 (s) and a series-connected output impedance Z 2 (s) with Figure 2 .
In Table 3 , two sets of parameters are given, with the Nyquist plots and the pole-zero map of the corresponding impedance sum Z 1 + Z 2 depicted in Fig. 4 and Fig. 5 , respectively. Note that the Nyquist plots in this paper are only shown for the frequencies from ω = 0 to +∞. The other half corresponding to the frequency from ω = −∞ to 0, which is symmetric to the half shown, is omitted. Hence, the actual number of encirclements around the origin or (−1, j0) should be doubled from the number obtained from the figure. As can be seen, for System A, the number of times the impedance sum Z 1 + Z 2 encircles the origin clockwise is 2 × 1 = 2, while for System B the number of times the impedance sum Z 1 + Z 2 encircles the origin clockwise is 0. Fig. 5 shows that the impedance sum Z 1 + Z 2 of System A has two RHP zeros but the impedance sum Z 1 + Z 2 of System B does not have any RHP zeros, which is consistent with the Nyquist plots. According to the impedance-sum criterion, System A is unstable but System B is stable.
As shown in (23) and (26), the voltage sources v 1 (s) and v 2 (s) in Fig. 2 depend on the loop gain of the individual inverter, respectively, which are bounded if the individual inverters are stable. As mentioned above, the stability of each individual inverter should be checked at first before using the proposed impedance-sum criterion to check the stability of the V-V system.
The above two V-V systems are built and tested with OPAL RT OP4500 and the results are shown in Fig. 6 . System A is indeed unstable, as shown in Fig. 6(a) , while System B is indeed stable, as shown in Fig. 6(b) . Table 3 : (a) System A (Unstable); (b) System B (Stable).
FIGURE 6. Test results of the V-V systems in
B. PARALLEL OPERATION OF CURRENT-CONTROLLED CONVERTERS (I-I SYSTEMS)
Fig. 7 illustrates a system with two parallel-operated currentcontrolled inverters. This is a typical I-I system. The two inverters operate in parallel with a resistive load. Before analyzing the stability of the I-I system, the models of the individual inverters are firstly derived. For Inverter 1 shown in Fig. 7 , the simplified block diagram is depicted in Fig. 8 , where the LCL filter part is represented by the transfer function Z oO1 (s) from the filter output current to the output voltage and the transfer function G iu1 (s) from the filter input voltage to the filter output current. Z oO1 (s) is the same as the one shown in (21) (28) According to Fig. 8 , the output current i o1 of Inverter 1 can be further derived as
Here, PI 1 (s) = K p1 + K i1 /s is the current controller of Inverter 1, H s1 is the sampling coefficient of the output current and R 1 is the resistive load. K M 1 (s) = V dc1 /V tri1 is the gain of the inverter [47] , where V tri1 is the modulation carrier of Inverter 1. According to (29) , the model of Inverter 1 can be depicted as shown in Fig. 7 , which is composed of a current source i 1 (s) and a parallel-connected output impedance Z 1 (s).
Similarly, the model of Inverter 2 can also be depicted as shown in Fig. 7 , which is composed of a current source i 2 (s) and a parallel-connected output impedance Z 2 (s) given by Figure 7 .
FIGURE 9.
Nyquist plots of the impedance sum of the I-I systems in Table 2 : (a) System A (Unstable); (b) System B (Stable).
FIGURE 10.
Pole-zero maps of the I-I systems in Table 2 : (a) System A (Unstable); (b) System B (Stable).
In Table 2 , two sets of parameters are given, with the Nyquist plots and the pole-zero map of the impedance sum Z 1 + Z 2 depicted in Fig. 9 and Fig. 10 , respectively. As can be seen, for System A, the number of times the impedance sum Z 1 + Z 2 encircles the origin clockwise is 2 × 1 = 2, while, for System B, the number of times the impedance sum Z 1 + Z 2 encircles the origin clockwise is 0. Fig. 10 shows that the impedance sum Z 1 + Z 2 of System A has two RHP zeros but Z 1 +Z 2 of System B does not have any RHP zeros. Therefore, according to the proposed impedance-sum criterion, System A is unstable but System B is stable.
Similar to the V-V system, the current sources i 1 (s) and i 2 (s) in Fig. 7 depend on the loop gain of the individual inverter, respectively, which are bounded if the individual inverters are stable. As mentioned above, the stability of each individual inverter should be checked at first before using the impedance-sum criterion to check the stability of the system.
The above two I-I systems are built and tested with OPAL RT OP4500 and the results are shown in Fig. 11 . System A is indeed unstable, as shown in Fig. 11(a) , and System B is indeed stable, as shown in Fig. 11(b) . Table 2 : (a) System A (Unstable); (b) System B (Stable). Fig. 12 illustrates a current-controlled inverter connected to a weak grid. This is a typical I-V system.
FIGURE 11. Test results of the I-I systems in
C. GRID-CONNECTED CURRENT-CONTROLLED INVERTERS (I-V SYSTEMS)
Since the inverter in the I-V system is the same as the inverter in the I-I system, it also has the same model as the inverter in the I-I system in Section IV-B, which is composed of a current source i(s) and a parallel-connected output impedance Z 1 (s). Here, i(s) and Z 1 (s) can be derived from (30) and (31) with voltage v g (s) and a series-connected impedance Z 2 (s). Here, Z 2 (s) can be expressed as
TABLE 4. Parameters of two systems in Figure 12 .
In Table 4 , two sets of I-V parameters are given. Here, only the grid inductance is different while the other parameters are the same in order to clearly show the impact of the grid inductance on the system stability. The Nyquist plots and the pole-zero map of the impedance sum Z 1 + Z 2 are depicted in Fig. 13 and Fig. 14, respectively . For System A, the number of times Z 1 + Z 2 encircles the origin clockwise is 2 × 1 = 2, while, for System B, the number of times Z 1 + Z 2 encircles the origin clockwise is 0. Fig. 14 shows that Z 1 +Z 2 of System FIGURE 13. Nyquist plots of the impedance sum of the I-V systems in Table 4 : (a) System A (Unstable); (b) System B (Stable). A has two RHP zeros but Z 1 + Z 2 of System B does not have any RHP zeros. Therefore, according to the proposed impedance-sum criterion, System A is unstable but System B is stable. Table 4 : (a) System A (Unstable); (b) System B (Stable).
FIGURE 15. Test results of the I-V systems in
The above two I-V systems are built and tested with OPAL RT OP4500 and the results are shown in Fig. 15 . System A is indeed unstable, as shown in Fig. 15(a) , and System B is indeed stable, as shown in Fig. 15(b) . The stability of this kind of systems has been widely studied with impedance-ratio criteria, e.g. the one shown in [34] . According to the Nyquist plots of the impedance ratio
of the systems shown in Fig. 16 , it can be seen that System A is unstable while System B is stable after checking the encirclements around (−1, j0) . This is consistent with the conclusion from the proposed impedance-sum criterion.
Here, the purpose is to illustrate the proposed impedancesum criterion so the impact of phase-locked-loop (PLL) [21] , [48] and the delay caused by digital control [49] , [50] are not considered. If considered, the expressions of i(s) and Z 1 (s) in the model of the grid-connected inverter would change. But the same impedance-sum criterion can still be applied. Fig. 17 illustrates a widely-used system with cascaded DC/DC converters. This is a typical V-I system, which consists of two voltage-controlled Buck converters. The upstream converter is often called the source converter and the downstream converter is called the load converter. The source converter, Converter 1, can be modeled as an ideal voltage source v 1 in series with its impedance Z 1 (s). The load converter, Converter 2, can be modeled as an ideal current source i 2 in parallel with its impedance Z 2 (s), where i 2 in this case is often negative. Since the models of converters in cascaded DC/DC converters have already been extensively studied, e.g. in [51] and [52] , the models from the literature are directly adopted. According to the small-signal circuit model of the Buck converter [51] , [52] , Z 1 (s) can be expressed as
D. CASCADED DC/DC CONVERTERS (V-I SYSTEMS)
where Z oOS (s) is its open-loop output impedance and [52] and are omitted here. According to [51] and [52] , Z 2 (s) can be expressed as Figure 17 .
FIGURE 18.
Nyquist plots of the impedance sum of the V-I systems in Table 5 : (a) System A (Unstable); (b) System B (Stable).
FIGURE 19.
Pole-zero maps of the V-I systems in Table 5 : (a) System A (Unstable); (b) System B (Stable).
In Table 5 , two sets of parameters are given, with the Nyquist plots and the pole-zero map of the corresponding impedance sum Z 1 + Z 2 depicted in Fig. 18 and Fig. 19 , respectively. As can be seen, for System A, the number of times the impedance sum Z 1 + Z 2 encircles the origin clockwise is 2 × 0.5 = 1, while, for System B, the number of times the impedance sum Z 1 +Z 2 encircles the origin clockwise is 0. Fig. 19 shows that the impedance sum Z 1 +Z 2 of System A has one RHP zero but Z 1 +Z 2 of System B does not have any RHP zeros. Therefore, according to the proposed impedance-sum criterion, System A is unstable but System B is stable.
The above two V-I systems are built and tested with OPAL RT OP4500 and the results are shown in Fig. 20 . System A is indeed unstable, as shown in Fig. 20(a) , and System B is indeed stable, as shown in Fig. 20(b) . This case has been widely studied with the well-known Middlebrook criterion [29] . For comparison, the Nyquist plots of the impedance ratio of
of the systems are shown in Fig. 21 . It can be seen that System A is unstable while System B is stable, which is consistent with the conclusion from the proposed impedance-sum criterion. According to the above applications, the proposed impedance-sum criterion has been proved effective to assess the stability of V-V systems, I-I systems, I-V systems and V-I stems as a general criterion regardless of the connection type of individually stable converters/sources.
V. DISCUSSIONS AND CONCLUSIONS
A generic impedance-sum stability criterion has been proposed for power electronic systems with two converters/sources. Different from traditional impedance-ratio criteria, the proposed criterion takes the form of the impedance sum. According to the proposed stability criterion, such a system with individually stable converters/sources is stable if and only if the sum of the individual impedances does not encircle the origin clockwise or, equivalently, the impedance sum does not have any RHP zeros. The proposed criterion is applicable to all four possible cases of power electronic systems with two converters/sources connected in parallel or in series, including the V-V systems, the I-I systems, the I-V systems and the V-I systems. Moreover, the proposed stability criterion also provides a simple and clear approach to assess the system stability by directly checking whether the impedance sum has any RHP zeros or not. Thus, compared with existing impedance-ratio criteria, the impedance-sum criterion provides a convenient approach to evaluate system stability regardless of the connection types of its converters and is applicable to DC systems and AC systems. The test results from OPAL RT OP4500 of four different cases have demonstrated the effectiveness of the proposed criterion.
One insight obtained from this study is that the impedance of each individual converter/source should not have any RHP zeros or RHP poles. Moreover, the impedance sum should not have any RHP zeros either. Note that naturally the impedance sum does not have any RHP poles because each individual impedance does not have any.
Since current-controlled converters have high impedance magnitude than voltage-controlled converters, the stability of a system consisting of a current-controlled converter and a voltage-controlled converter/source is mainly affected by the current-controlled converter, according to the proposed impedance-sum criterion. For instance, in the example I-V system in Fig. 12 , the current-controlled inverter is the main reason of system instability; in the example V-I system in Fig. 17 , the load converter which is controlled as an constant power load is usually the main reason of system instability. These conclusions are consistent with practical phenomena and existing conclusions. How to apply this criterion in converter design to guarantee the stability of two converters/sources is being carried out. The extension of this work to power electronic systems with multiple converters/sources is also being investigated. 
